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In this paper a coherent superposition of angular momentum states created by absorption of 
polarized light by molecules is analyzed. Attention is paid to the time evolution of wave packets 
representing spatial orientation of internuclear axis of diatomic molecule. Two examples are consid- 
ered in detail. Molecules absorbing light in a permanent magnetic field experiencing Zeeman effect 
and molecules absorbing light in a permanent electric field experiencing quadratic Stark effect. In a 
magnetic field we have a wave packet that evolves in time exactly as classical dipole oscillator in a 
permanent magnetic field. In the second case we have the wave packet that goes through periodical 
changes of a shape of the packet and revivals of initial shape. This is a pure quantum behavior. 
Classical motion of angular momentum in an electric field in case of quadratic Stark effect is known 
to be aperiodic. Obtained solutions for wave packet evolution are briefly compared with Rydberg 
state coherent wave packets and harmonic oscillator wave packets. 



I. INTRODUCTION 



There are some problems that can be found in every classical mechanics text book. For example, rotation of the 
planets around the Sun under the action of the gravitation force or the oscillations of the pendulum under the action 
of the quasielastic force. 

In quantum mechanics there are very similar problems of the same importance. The motion of the electron around 
the nucleus under the action of Coulomb force or the vibration of a diatomic molecule along the line connecting both 
nuclei. To compare these two sets of problems from which the first belongs to the macroscopic world and the other 
to the microscopic world one can ask the questions of a type: Is it possible to observe the motion of an electron in 
a Kepler orbit around the nucleus in the same way as it is possible to observe the motion of the planet around the 
Sun? That is, is it possible to obtain experimentally a Rutherford atom when electron rotates around the nucleus in 
a Kepler orbit? Is it possible to observe oscillations of the nuclei in a molecule that are similar to classical oscillations 
of point particle bound by a quasielastic force? An affirmative answer to these questions, as is well known, is given 
by the correspondence principle of quantum mechanics ]jj . 

The most common way how we can experimentally examine the objects in the micro world is by their interaction with 
light. At the same time it is common wisdom, see for example jj], that the methods of ordinary optical spectroscopy 
generally involve excitation of individual stationary states of atoms and molecules. Such states describe objects that 
are quantum mechanical by nature. For example, even for arbitrarily large quantum numbers a single stationary state 
of an electron in a Coulomb field does not come close to describing the motion of a localized particle in a Kepler orbit, 
just as for any quantum number a stationary wave function of a harmonic oscillator does not describe the harmonic 
oscillations of a localized particle. In fact, classical motion is never obtained from excitation of single quantum state. 

Recently, with the use of ultrashort optical pulses, it has become possible to create coherent superpositions of many 
quantum states to obtain localized wave packets that are particledike objects that obey quasiclassical laws, see 
and references cited therein. Usually electrons moving in orbits with large radiuses and oscilations of molecules are 
examined in these experiments. The processes with these wave packets usually are very fast - often occurring on a pico- 
or even on a femto-second time scale. These types of processes are most often analyzed to examine correspondence 
between the classical and quantum description of the objects in the microscopic world. 

The interaction of particles with definite angular momentum with electric and magnetic fields provides a second, 
more accessible, but less exploited, way to examine the correspondence between the quantum and classical nature 
of the microscopic world. For example, from the view point of classical physics the angular momentum vector of a 
charged particle spinning in a magnetic field will precess around the field direction with the Larmor frequency Q 

gjfJ-BB 
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preserving the projection of the angular momentum on the direction of the field. Here gj is a Lande factor, fig is the 
Bohr magneton, and B is the magnetic field strength. To determine the behavior of a particle - atom or molecule 
- in an external magnetic field in quantum mechanics one must deal with the particle's angular momentum states 
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and corresponding wave functions Yjm To obtain classical-like motion of quantum angular momentum in an 

external field one must analyze superposition of angular momentum states. For diatomic molecules squared modulus 
of this superpositional wave packet W (9, tp, t) will show the probability to find molecular axis with a certain orientation 
in space. Namely |^ (9, ip, t)\ sm9d9dp> is a probability to find molecular axis in the direction in space characterized 
by spherical angles 9 and ip. For the case of molecules this approach has another advantage. To compare classical and 
quantum results usually one wants to examine the behavior of the system as the angular momentum become large. 
According to the correspondence principle these states should behave classically. For the case of rotational states of 
molecules it is very common and straightforward to create states with large angular momentum quantum numbers, 
with J cx 100 typical ||. The situation is different for the case of atomic Rydberg states. It is not at all easy to create 
in a laboratory states with principal quantum number n close to 100 Q . 

Partially the problem to obtain coherent superposition of angular momentum states was solved already many 
years ago, when quantum beats in an external magnetic field were observed experimentally for the first time by 
Aleksandrov in Russia || and by Dodd with coworkers in United Kingdom 0. They used light pulse to excite 
coherently several angular momentum states \J, M) = Yjm (0, p) with the same angular momentum quantum number 
J, but different magnetic quantum numbers M simultaneously and coherently. In an external magnetic field these 
angular momentum states have different energies Em and hence the corresponding wave functions have different phase 
factors exp[—i(EM /K)t\- In an experiment one can observe harmonic time dependencies of polarized fluorescence that 
corresponds to the beats between these wave functions with different phase factors in the same way as in a signal 
processing one can observe beets between two or more harmonic signals with slightly different frequencies. 

From the practical view point these experiments can be more straightforward than experiments with Rydberg state 
atoms or instant excitation of oscillations in molecules. An obvious reason for this is that speed of the processes in 
an external field usually are slower and in any case it can be controlled by controlling external field strength. As a 
result, for excitation of the state one can use much longer laser pulses and also observation of the state dynamics can 
be performed by much slower experimental devices S. 

In this paper quantum beat experiments will be analyzed by considering the creation and time evolution of angularly 
localized wave packets. This unique approach provides an opportunity to examine the correspondence between classical 
and quantum-mechanical periodic motion as induced by electric and magnetic fields. In our knowledge from these 
positions these experiments have not been analyzed before. 



II. REVIVAL STRUCTURE OF WAVE PACKETS 



The time-dependant wave functions for angularly localized angular momentum quantum wave packets formed as a 
coherent superposition of angular momentum eigenstates may be written as 

*{9,tp,t) = Y,CMYj M (e,<p)exp(-i^t\ , (2.1) 

where Yjm {9, p>) is an ordinary spherical function and the coefficients cm are complex amplitudes. 

We would like to examine to what extent and for how long time evolution of this wave packet coincides with the 
predictions of classical physics. For example, classically, an angular momentum of a rotating rigid charge distribution 



will precess in the magnetic field with the Larmor frequency wj, (1.1). If there is a coincidence between the quantum 
and classical discription, then the position of the "center of gravity" of a spatially localized wave packet (the average 
value of the particle angular coordinates) must precess in space according to the rules of classical mechanics |jj 

^ = M x B. (2.2) 

Here J is a classical angular momentum vector, /i — magnetic dipole moment of particle, B — strength of the external 
magnetic field. 

Because classical particles have a definite direction of angular momentum, wave packets localized in space usually 
have Cm well centered around some particular mean quantum number M. For a similar reason wave packets that can 
be created from stationary atomic Rydberg state wave functions are centered around some definite value n of the 
principle quantum number n of the atomic state. Rydberg wave packets weighted by coefficients possessing Gaussian 
distribution Q are particularly well investigated: 

|c„| 2 = ^^ e -(«-»)/2< (2.3) 
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Here the parameter a characterizes the width of this distribution. Another particularly well investigated case is the 
coherent states of a harmonic oscillator that can be obtained from harmonic oscillator wave functions \v) weighted by 
coefficients in the form JoJ 



P -(l/2)'~' 2 a " 



Cv = e -w»)\°\ ~ (2.4) 



where v is the vibration quantum number and a is a parameter. 

What we are interested in most, when we think about evolution of wave packets is, what are the laws governing the 
long-term postclassical evolution of wave packets beyond the bounds of the dynamics according to the correspondence 
principle? 

The assumption that the weighting probabilities \cm\ 2 are strongly centered around a mean value M (or n,v) means 



that only those states with energies Em near the value Ejf enter appreciably into the sum of Eq. ( |2.l| ) . This permits 
an expansion of energy in a Taylor series in M around the centrally excited value M 

E M = Em+ E'm(M - M) + \e"m(M - Mf + -E'"m(M - M) 3 + (2.5) 

where each prime on E~m denot es a derivative at point M = M. 



The derivative terms in Eq. (2.1) define distinct time scales 
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The first time scale T c i is called the classical period. It is the period after which system returns to it's initial position 
according to the laws of classical physics. The second time scale t rev is the revival time. This is a time after which 
the initial wave function will be partially or completely rebuilt. The third time scale t sr is the superrevival time. 
It represents the time after which the wave function will be rebuilt in case that it is only partially rebuilt after the 
revival time. For the most commonly investigated situations of the coherent superposition of Rydberg states and 
anharmonic oscillators the timescales are ordered so that T c i -C t rev -C t sr . But, as we will see, this time ordering 
changes for the coherent superposition of angular momentum states in an electric field. 

One particularly good thing about evolution of angular momentum wave packets is that we can know exactly and 
to some extent, control by changing excitation geometry and polarization of excitation light, the cm distribution that 
will occur in a realistic experiment. 

As an example let us consider a so called Q-type of molecular transition when light excites molecules from the 
ground state to the excited state and both states have the same value of angular momentum quantum number J. Let 
us further assume that the exciting radiation is linearly polarized with the light vector e lying perpendicularly to an 
external magnetic field B. The probability of finding molecules in a particular angular momentum state Yjm 
can be found by determining the diagonal elements of the density matrix /mm which give the population of angular 
momentum substates characterized by a magnetic quantum number M (for details see Appendix I and ^,||) 

/MM = M 2 = ^|(M|e*d|/i)| 2 = 



(Cujm-i)* + (c^jm+i) I - g 2 j(j + iy (2 ' 7) 
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Here (M\ e*d is the optical transition matrix element, d is the optical transition dipole moment operator, C/ ] J j M _ 1 
is the Clebsch-Gordan coefficient [pj, and n is a ground state magnetic quantum number. In this expression Clebsch- 
Gordan coefficients of a type C^fj M _ 1 represent quantum mechanical amplitude to excite an angular momentum 
state \ J',M) from an initial (usually ground) state |J",/i = M — 1). In this particular case of a Q-type molecular 
transition the absorption of light does not change the angular m ome ntum of the molecule or atom, so J" = J' = J 



As an example for J = 20, /mm = V-m\ as calculated from Eq. (2.7) is given in Figure. 1 

Off diagonal elements of the density matrix represent the coherence (phase relations) between different angular 
momenta substates. Off diagonal matrix elements can be calculated as 

/mm' =^M^7 = ^(M|e*d|/x) (M'\e*d\(j,)* (2.8) 
For Q-excit atio n with a pulsed light polarized along y axis besides the diagonal matrix elements calculated according 



to the Eq. (2.7) we will have the following non-zero off diagonal matrix elements 
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f _ r _ 1/-../M-1 syJM+l 

JM+IM-I - JM-1M+1 ~ ^ °./Ml-l °JM11 



(J 2 -M 2 ) (J+l) 2 -M 2 
4J(J+ 1) 



(2.9) 



From the density matrix elements for angular momentum states, we can easily calculate the squared wave function 
that represents the probability density 

'* ( ^'* )|2 = %T+l S fMM>Yj M YJ M , exp(-^ MM 't), (2.10) 

MM' 

where w MM - = (£? M - £ M ' ) A- 

III. ANGULAR MOMENTUM WAVE PACKETS IN A MAGNETIC OR AN ELECTRIC FIELD 

A. Atom or molecule in the external magnetic field 

If an atom or molecule is in an external magnetic field experiencing ordinary Zeeman effect the angular momentum 
state's J magnetic sub-levels \ J,M) with different magnetic quantum numbers M will have energies 

E M {M) = E (a) + gjusBM/h = E {0] + E L M. (3.1) 



Where E 1 - ^ is the energy of a state in the absence of the external field. According to Eq. (2.6) we can expect 
classical period T c ; to be equal to 2-k/El = 2tt/(<)jHbB/%), All other periods will be infinite. Thus time evolution 
of this angular momentum wave packet will be infinitely long rotation around the external magnetic field direction 
with Larmor angular frequency wi = 2tt/T c i. No changes apart from the rotation in space around the magnetic field 
direction will occur to the wave function. This is what actually has been observed experimentally in the past as 
a harmonic modulation of an intensity of a polarized fluorescence from an ensemble of atoms or molecules excited by 
a short laser pulse. This is a well known effect of quantum beats induced by magnetic field. 

From the view point of an evolution of a wave packet, this result is similar to the well known behavior for coherent 
states of a harmonic oscillator. In his pioneering paper Ervin Schrodinger wrote as early as in 1926, that wave packets 
formed as coherent states of harmonic oscillator will oscillate infinitely long between classical turning points without 
dispersion, for references see M. The main reason for this is that the energies of quantum harmonic oscillator states 
depen d li nearly on the vibration quantum number v. It means that only the first derivative E'y in the expansion of 
type ( |2.5| ) will differ from zero. In case of Zeeman effect we observe the same linear energy dependence of the mag netic 



sublevels of atomic or molecular states on the magnetic quantum number M. As a result, according to Eq. (2.6) 
we have infinitely long classical type motion of the wave packet that represent the precession of angular momentum 

in a magn etic field. One can easily calculate angular momentum distribution after the pulsed excitation following 

equations ( |2.8| ) - ( [2.10] ) . This result appears to be independent of the value of angular momentum quantum number 
J. It is 



|*(0,^,t)| 2 = A [l- S m 2 6sm 2 (ip-Lo L t)] . (3.2) 



We have donut shape wave function that rotates in space around z axis with Larmor frequency u>l, Eq. (1.1) ||, see 



Fig. 2. The fact that the result is independent of the angular momentum quantum number J is worth to mention. 
It is interesting especially because this distribution coincides precisely with the result that would appear if we would 
consider absorption of electric dipole oscillator in classical physics in the same circumstances. Indeed, if instead 
of considering artificial wave packets that can only be studied theoretically, we consider wave packets that can be 
obtained in a realistic experiment it is not uncommon for the quantum and classical results coincide even for small 
quantum numbers, see J5|. In classical approach this donut shape disrtibution of molecular axis can be understood if 
one keeps in mind that for Q-type molecular transition in a classical approach absorbing dipole is oriented along J, 
it means perpendicularly to the intermolecular axis of a rotationg molecule |s| . 
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B. Molecule in an external electric field 



The evolution of a molecular wave packet in an external electric field is quite distinct from the case o f a magnetic 
field. For both cases we have the same amplitudes cm of partial components of wave function in Eq. (2.1) and the 
same density matrix. But in case of an electric field we will have a different magnetic sublevel energy Em dependence 
on the magnetic quantum number M. Let us consider molecule in a state experiencing a quadratic Stark shift. This 
is a type of Stark effect most commonly observed with atoms and molecules. In this case we will have an energy 
dependence on the magnetic quantum number of the form 



E M (M) = 



d 2 £ 2 
hB 



J(J + 1) - 3M 2 



2J(J+ 1)(2J- l)(2J + 3) 

(2) ra\*f2 



+ E^> ark {£)+E^ ark {8)M 



(3.3) 



We know that in case of the Stark effect, the classical mo tion of angular momentum in an external electric field is 
aperiodic j|,[ll) . This is exactly what we can see from Eq. fl3.3| ) 
that T c i is infinite. At the same time the second derivative 



The first derivative of E— is zero and that means 

M=0 



3d 2 £ 



■2 c2 



hBJ(J + 1)(2 J - 1)(2J + 3) 



(3.4) 



differs from zero and one can expect t rev be different from zero or infinity. This is exactly what was predicted for 
Stark quantum beets fL2fl . Figure 3 depicts one period of evolution of the wave function for state J = 1 excited by 
linearly polarized light with e vector lying in zy plane and forming angle 7r/4 with the direction of an external electric 
field £. The ii- type ( J = — ► J = 1) optical transition is assumed. The analytical expression describing probability 
density on Figure 3 is 



|*(0, (p,t)\ 2 = — {l - sin 2 6 cos 2 if + sin 26> sin 2^9 cos[(27r/i ret ,)t]} 



(3.5) 



It can be calculated using formulae (f2.q), ( J2.10 ) and Appendix. 
The interesting feature of Stark effect is that revival time 



4irhBJ(J + 1)(2J - 1)(2J + 3) 
3d 2 £ 2 



(3.6) 



approaches infinity when angular momentum approaches infinity, it means a particle with very large angular momen- 
tum starts to behave truly classically. This quantum mechanical revival is not only interesting as a peculiar behavior 
of wave function, but as well can be used to orient molecules in beams effectively |13|1 . Probably other applications of 
periodic behavior of atomic and molecular wave function in electric field can be foreseen. 



IV. SUMMARY 



This paper points attention and illustrates two examples of angular momentum coherent wave packets that are of 
grate interest due to their peculiar properties. They are less noticed than they deserve. These wave packets describe 
precession of internuclear axes of diatomic molecules in an external field. 

The first example was the angular momentum coherent superposition state created by the absorption of polarized 
light by a molecule in an external magnetic field. There arc many examples of such wave packets created in experiments 
for states of diatomic molecules jl(| . But never has this situation of a coherent superposition of angular momentum 
eigenstates been analyzed with the same machinery used to analyze the coherent superposition of Rydbaerg states 
or coherent states of harmonic oscillator. In experiments with molecules absorbing light in permanent external fields 
very often states with large rotational angular momentum quantum numbers of J oc 100 were involved. This allows 
us to compare these states with behavior of a spinning particle in an external field. 

It is known that classical angular momentum in an external magnetic field will precess around the magnetic field 
direction with Larmor frequency ljl- 

Quantum wave packet in a magnetic field will experience the same motion. Period of rotation of wave packet will 
coincide perfectly with period of precession of classical angular momentum. Wave packet will last for ever (actually 
as long as the excited state of molecule will live). It will not undergo any disintegration. 
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There is known only one other example when the wave packet evolves in time without dispersion. It is a coherent 
state of harmonic oscillator || . The reason for this type of motion in both cases is the same. All coherently excited 
wave functions in these examples represent states that are equally separated in energy scale, i.e. the systems have 
energy levels with equally separated steps. 

Another example considered here was angular momentum states in an external electric field causing a quadratic 
Stark effect. In this case an ensemble of angular momentum will evolve aperiodically in classical physics In 
quantum physics we will have periodical motion during which the wave function will periodically disintegrate and 
than, after a definite period, will go through a revival. 

This is quite unique dynamics. It is more usual for systems to have a period of classical motion T c \ that is 
substantially shorter than revival time t rev , as is true for the Rydberg states or anharmonic oscillator states. It means 
that during one revival period this type quantum system will undergo many classical periods. In the example of the 
quadratic Stark effect in an external electric field, we have exactly the opposite extreme. The system has no classical 
period at all. From the view point of classical physics the system is aperiodic. But quantum evolution of the wave 
function still have a well defined period which becomes longer and longer, when angular moment of system increases 
and system approaches classical limit. 



V. APPENDIX I. CALCULATION OF DENSITY MATRIX ELEMENTS. 



Calculation of density matrix elements entering Eqs. (2.7) and (p.g|) 



/mm' =^(M|e*d|M>(M'|e*d|M>* 

mainly consist in calculation of quantum mechanical matrix elements of a type 

(M\e*d\fi). (5.2) 

Let us now have a look in more detail at how these matrix elements can be calculated. The first step is to calculate 
the Hermitian product [fhlf (e* • d) of light polarization vector e and optical transition dipole moment d. Meaning of 
this product is very close to that of a scalar or dot product of two ordinary vectors. Only in this case we are dealing 
with complex vectors and to find the projection of one vector onto another or - which is the same - to find "how 
much of one vector is contained into another" we must calculate a Hermitian product. 

We are using here complex vectors, because it is a simple way to describe rotations in quantum mechanics as well 
as in classical physics. Let us see how these complex vectors and their components in a cyclic system of coordinates 
can be used to describe, for example, the polarization of light. An arbitrary light polarization vector (unit vector 
e in the direction of the electric field vector of the light wave) in cyclic coordinates can be written as 

+1 j_/ _ • N, 

e — ^2 x ley '^ 

e°=e z , (5.3) 
-l 1 / 

If we multiply now these vector components by a phase factor exp (— iVtt) that represents the oscillations of electric 
field in light wave, we can easily see, that for 

e +1 exp (— iflt) = —l/V2[e x exp (— iClt) — ie y exp (— i£lt)] 

= -l/V2{e x exp(-iQt) + e 3/ exp[-i(Qt + 7 r/2)]} (5.4) 

oscillations along x axis are quarter period ahead of those along y axis and this means that this component of the e 
vector represents lefthanded circular polarized in xy plane light beam that propagates in the positive direction of z 
axis. It means that a light wave in which electric field vector rotates counterclockwise is viewed in such way that the 
radiation approaches the observer in the positive direction of the z axis. 

In a similar way one can see that the e _1 component represents righthanded circular polarized light that propagates 
along z axis with the e vector rotating in a clockwise direction in the xy plane. 

And finally, the e° component represents linearly along z axis polarized light for which e oscillates along z axis. 
Just as light e vector can be represent by its three Cartesian components, every vector can be represented by its three 
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cyclic components. In case of light polarization vector (and many other vectors in quantum mechanics) these cyclic 
components are more practical for calculation than the Car tesi an representation. 

Now let us turn back to the matrix elements of a type fl5.2| ). According to vector algebra for cyclic vectors, the 
Hermitian product can be written as (|J^] 

(M|eM|/i)=£(e*)*<MK|M>. (5.5) 
i 

Further for a matrix element (M\ d q we can apply Wigner-Eckart theorem |^||. It allows to separate angular and 
dynamical part of this matrix clement. What docs this mean? For example, in classical physics if one wants to know 
how effectively an oscillating electric field e can excite linear dipole oscillator d one must calculate scalar product 
(e • d) = edcos i^-dj ■ H means that we can separate dynamic part ed that describes the vector magnitude, and the 

angular part cos (edj that represent their mutual orientation. In the same way in quantum physics Wigner-Eckart 



theorem allows us to achieve the same separation for optical transition from initial state 
Namely 



J jti) to excited state | J'M). 



{M\<P\ fl ) = = : C j y,U'\\d j"), (5.6) 



}_ (j. J'M 

V2 J' + 1 J "^ lq 

where Cf' A ^ lq is a Clebsch-Gordan coefficient and {J'\\d J ^ is a reduced matrix element, that represents the 
dynamical part of optical transition probability. It is obvious that the Clebsch-Gordan coefficient has a numerical 
value that depends on the values of angular momentum projections M and \i on the quantization axis z, and therefore 
it describes the angular momentum orientation in space. This is the angular part of the transition probability. 

If we now collect all these formulae together we can obtain the final expression that allows us to calculate easily 



matrix elements (5.1) for arbitrary light polarization and optical transition between arbitrary states 

f MM , = N J2 (e«r (e^)C^ lq C^[ q2 . (5.7) 

Ml 92 



In this last expression a proportionality coefficient N that is insignificant for the purpose of this paper, is not 
determined. 
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FIGURE CAPTIONS 



Figure 1 

Relative population distribution among magnetic substates| J, M) for angular momentum state with J = 20. 



Figure 2 

Wave function evolution in an external magnetic field. 1 - Lo^t = 0, 2 - u^t = it/A, 3 - ourf = n/2, 4 - uj^t = 3/Att, 
5 - ujjJ, = 7r, 6 - lojJ, = 5ir/4 



Figure 3 

Stark quantum beats. 1 - t = 0, 2 - t = \t re , 3 - t = \t re , 4 - t = \t re , 5 - t = |t re , 6 - t = t. 
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